Graphene irradiated by a circularly polarized laser has been predicted to be a Floquet topological insulator showing a laser-induced quantum Hall effect. A circularly polarized laser also drives the system out of equilibrium resulting in non-thermal electron distribution functions that strongly affect transport properties. Results are presented for the Hall conductance for two different cases. One is for the closed system for which the circularly polarized laser has been switched on suddenly. The second is for the open system coupled to an external reservoir of phonons. While for the former, the Hall conductance is far from the quantized limit, for the latter, coupling to a sufficiently low temperature reservoir of phonons is found to produce effective cooling, and thus an approach to the quantum limit, provided the frequency of the laser is large as compared to the band-width. For laser frequencies comparable to the band-width, strong deviations from the quantum limit of conductance is found even for a very low temperature reservoir, with the precise value of the Hall conductance determined by a competition between reservoir induced cooling and the excitation of photo-carriers by the laser. For the closed system, the electron distribution function is determined by the overlap between the initial wavefunction and the Floquet states which can result in a Hall conductance which is opposite in sign to that of the open system.
I. INTRODUCTION
A corner stone in condensed matter has been the discovery of the quantum Hall effect 1 where electrons confined to two-dimensions (2D) and subjected to an external magnetic field exhibit transport properties that are remarkable in their insensitivity to material parameters. In particular for the case of the integer quantum Hall effect, the Hall conductance (σ xy ) is quantized in integer multiples of the universal conductance e 2 /h (i.e., σ xy = Ce 2 /h) with the integer C being a geometric or topological property of the band-structure, known as the Chern number. Not surprisingly, the discovery of this effect has lead to tremendous interest in exploring similar topologically protected transport in other systems. An important contribution in this direction was the theoretical proposal of the quantum Hall effect in the absence of a magnetic field, but in the presence of a staggered magnetic flux which still breaks time-reversal symmetry.
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Soon after, topologically protected transport in 2D and 3D in time-reversal preserving systems was discovered. [3] [4] [5] [6] There is also now a growing interest in generalizing these concepts to strongly interacting systems. 7 Another intriguing class of systems are those that show topological behavior only dynamically, an example of this are the Floquet topological insulators (TIs) where a time-periodic perturbation modifies the electron hopping matrix elements in such a way as to mimic a magnetic flux. Since time-dependent Hamiltonians do not conserve energy, the concept of energy-levels do not exist. For the particular case of time-periodic Hamiltonians, a quasi-energy spectrum may still be constructed from the eigenvalues of the time-evolution operator over one period. 8, 9 In this language, Floquet TIs have bulk quasienergy bands with non-zero Berry-curvature and Chern number, and support edge-states in confined geometries.
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However there are many open questions in the study of Floquet TIs that are unique to the fact that these systems are out of equilibrium. Firstly, much of the discussion in the literature assumes that these quasi-energy levels play the same role as the true energy levels of a static Hamiltonian, which leads to predictions of quantum Hall-like quantized transport. However in a nonequilibrium system the electron distribution function, which enters in all measurable quantities, is not known apriori and depends sensitively on relaxation mechanisms, [19] [20] [21] [22] [23] [24] and at least on shorter time-scales, on how the external periodic drive has been switched on. 22, [25] [26] [27] [28] [29] Moreover, unlike static Hamiltonians, there may not even be a one to one correspondence between the Chern number of the bulk quasi-bands and the number of edge-states in the quasi-spectrum, and hence some new topological invariants may be necessary for time-periodic systems. [30] [31] [32] [33] [34] Often dissipative coupling to suitably chosen reservoirs can strongly modify topological properties 35, 36 thus requiring new measures for topological order in open and dissipative systems.
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Understanding these issues is particularly important due to several experimental realizations of Floquet systems such as in photonic lattices, 40 cold atoms in periodically modulated optical lattices, 41 2D Dirac fermions on the surface of a 3D TI irradiated by a circularly polarized laser, 42, 43 and chiral transport in graphene irradiated by THz radiation. 44, 45 In this paper we study graphene irradiated by a cirarXiv:1412.8469v1 [cond-mat.mes-hall] 28 Dec 2014 cularly polarized laser, taking into account the full timeevolution of the system, and also accounting for coupling to an external reservoir of phonons. A similar study was carried out for 2D Dirac fermions 22 where it was shown that in the absence of coupling to an external reservoir, i.e., when the system was an ideal closed quantum system, the electron distribution function retained memory of the state before the laser was switched on, and also depended on the laser switch-on protocol. It was also shown that coupling to phonons makes the system lose memory of these initial conditions, yet the electron distribution function was still far out of equilibrium even when the phonons were an ideal reservoir. The effect of the electron distribution function on the photoemission spectra was discussed.
In this paper our goal is to study the effect of the electron distribution function on the dc Hall conductance both for an ideal closed quantum system, and for an open system. A computation of the Hall conductance requires going beyond the continuum model of Dirac fermions because the Berry curvature for a Floquet system becomes mathematically ill-defined in the continuum, in the vicinity of k-points where laser induced inter-band transitions are allowed. On a lattice on the other hand, even in the presence of resonances, the Berry-curvature remains well defined. Thus in this paper we generalize the treatment of Ref. 22 to graphene with the aim of exploring the dc Hall conductance.
The outline of the paper is as follows, in Section II the model is introduced and a Kubo formula for the dc Hall conductance is derived. In Section III the dc Hall conductance is presented for the closed system and compared with the "ideal" case. In Section IV we generalize to the open system where the electrons are coupled to a phonon reservoir. The rate or kinetic equation accounting for inelastic electron-phonon scattering in the presence of a periodic drive is derived. The results for the Hall conductance at steady-state with different reservoir temperatures are obtained and compared with results for the closed system and the "ideal" case. Finally in section V we present our conclusions.
II. MODEL
We study graphene irradiated by a circularly polarized laser, and also coupled to a bath of phonons. The Hamiltonian is,
where (setting = 1) H el is the electronic part,
δ i are the nearest-neighbor unit-vectors on the graphene lattice,
; δ 3 = (−1, 0). The circularly polarized laser enters through minimal substitution k → k + A(t), where
We assume that the laser has been suddenly switched on at time t = 0. This assumption holds equally well for lasers switched on over a time which is short as compared to the period 2π/Ω of the laser.
The translation vectors a 1 , a 2 for graphene are a 1 = a 2 3,
is not invariant under translations by integer multiples of a reciprocal lattice vector, k → k + n i b i . In order to recover this symmetry it is convenient to make the transformation c kB → c kB e ia k· δ3 . 46 Then since, a(
Dissipation affects the electron distribution and thus the topological signatures such as the Hall conductance. Here we consider dissipation due to coupling to 2D phonons
where the electron-phonon coupling is
As is standard practice, we have denoted the sub-lattice labels A, B in terms of a pseudo-spin label σ, a notation that will be adopted throughout the paper. Above we have made the assumption that phonon induced scattering between electrons with different quasi-momenta do not occur. Thus electronic states at different quasimomenta k are independently coupled to the reservoir.
Moreover we will later assume that the phonons have a broad bandwidth so that inelastic scattering channels between electrons at all relevant quasi-energies and phonons are possible. While electron quasi-energies form an infinite ladder which may be regarded as photon absorption and emission side-bands, the matrix elements between different quasi-energy bands and phonons are suppressed very rapidly as the number of photon absorption and emission processes increase 22 . Thus for the laser amplitude and frequencies we will be working with, to have the most effective inelastic relaxation, it will be sufficient to consider a maximum phonon frequency ω max q
6Ω.
A circularly polarized laser also opens up a gap ∆ at the Dirac points which in the high frequency limit of
10,14 Thus we will assume that the lowest phonon frequency available is ω min q ∆ to allow for efficient relaxation near the Dirac points.
A. Kubo formula for the Hall conductance
The Kubo formula for the Hall conductance is a linear response to a weak probe A pr that is applied over and above the circularly polarized laser A. While the Kubo formalism has been employed before for Floquet systems 10, 47, 48 , yet we outline the derivation in order to highlight the main assumptions, and also in order to generalize the derivation to open systems like the one studied in this paper.
The electronic part of the Hamiltonian in the presence of an external laser A and a probe field A pr is,
Since c jσ = 1 √ N k e i k· j c kσ , we see that the vector potential corresponds to replacing k → k + A + A pr . Taylor expanding with respect to the weak probe,
where A pr (r) = (1/ √ N ) q e i q· j A pr q and
The current-current correlation function which quantifies how an electric field applied in the directionî, affects the current flowing in the directionĵ is given by
where |Ψ(t 0 ) is the wavefunction at a certain reference time t 0 , while the current operators are in the interaction representation
where U k (t, t ) is the time-evolution operator due to the electronic part of the Hamiltonian (H el ), and is given by
Above kα=u,d are the quasi-energies while
are the quasi-modes that are periodic in time.
The quasi-energies kα represent an infinite ladder of states where kα and kα + mΩ, for any integer m, represent the same physical state corresponding to the Floquet quasimodes |φ kα (t) and e imΩt |φ kα (t) respectively. Confusion due to this over-counting can be easily avoided by noting that in all physical quantities and matrix elements, it is always the combination e −i kα t |φ kα (t) = |ψ kα that appears, where |ψ kα are the solutions to the timedependent Schrodinger equation. There are only two distinct solutions for |ψ kα which we label as α = u, d, while we adopt the convention that the corresponding quasi-energies lie within a Floquet Brillouin zone −Ω/2 < kα < Ω/2.
Expanding the fermionic operators in the quasi-mode basis at t 0 ,
where γ † kα , γ kα are the creation and annihilation operators for the quasi-modes at time t 0 , the response function at q = 0 is found to be
Since the Floquet quasi-modes at any given time form a complete basis that obey
the following relation holds,
R ij (t, t ) depends not only on the time difference t − t but also on the mean time (t + t )/2. In what follows we will make some approximations that are equivalent to averaging over the mean time.
The first approximation we make is to retain only diagonal components of the average below, since the offdiagonal terms will be accompanied by oscillations of the kind
Next we time-average the matrix elements separately over a period of the laser,
where in the last line we have used the time-periodic property of the matrix elements. Denoting α = u, β = d and from the completeness of the Floquet modes, the Hall conductance after averaging over the mean time is,
We perform the time-integral on the relative time t − t to obtain,
The Hall conductivity is defined as
which in the dc limit gives,
Restoring and the charge e, the Hall conductance in the dc limit is
where F kd is the Berry curvature defined by
and . Ω = 5t h .
The "ideal" case is one where ρ kd − ρ ku = 1, so that the Hall conductance is
with
being the Berry curvature. In this paper we will study the time-averaged dc Hall conductance defined in Eq. (25) for two cases. One is when the occupation probabilities ρ kd,u are for the closed system with a quench switch-on protocol for the laser (section III), while the second is for the open system coupled to a reservoir, where the ρ kd,u will be determined from solving a kinetic equation (section IV). In order to compute the Berry curvature F kd , we will employ the numerical approach of Ref. 49 . 
III. HALL CONDUCTANCE FOR THE CLOSED SYSTEM FOR A QUENCH SWITCH-ON PROTOCOL
Suppose that at t ≤ 0, there is no external irradiation, and the electrons are in the ground-state of graphene. Thus the wavefunction right before the switching on of the laser is
where
The time-evolution after switching on the laser is
where U k (t, t ) is the time-evolution operator given in Eq. (13) . In practice, in order to determine the Floquet states, it is convenient to solve the problem in Fourier space,
where |φ mkα is a 2 component spinor which obeys,
For graphene in a circularly polarized laser,
3 , a 3 = 0 We are interested in the time-averaged Hall conductance defined in Eq. (25) . For this we need the overlap between the initial state before the quench and the Floquet quasi-modes since they control the occupation probabilities, 
= Ce
2 /h), and compared with the Hall conductance for the quench. Thus each point in the plot corresponds to a situation where initially the system was in the ground state of graphene, and then at time t = 0 a laser of strength A 0 a and frequency Ω was switched on suddenly. Notice that there are a number of topological phase transitions corresponding to jumps in the Chern number as A 0 at h /Ω is varied. These topological transitions can be quite complex with the Chern number changing by ±2, ±3. As discussed in Ref. 32 , this occurs because when linearly dispersing Dirac bands cross, the Chern number exchanges between ±1, while quadratically dispersing band-crossings cause the Chern number to exchange between ±2, and their combined effect can lead to the topological transitions observed here and in Ref. 32 . Fig. 1 shows that the Hall conductance for the closed system after a quench is smaller than that for the ideal case, this is not surprising as a quench creates a nonequilibrium population of electrons which for a closed system of non-interacting electrons, has no means to relax. The symmetry of the system dictates that the quasi-energies are located symmetrically about zero. An intriguing effect that can occur is a reversal of the sign of the Hall conductance due to a laser-like situation where the population in the "upper" quasi-band is higher. These populations are determined by the overlap of the initial wavefunction and the Floquet modes, thus as A 0 at h /Ω is varied, this overlap can be higher with one quasi-band or the other, leading to a reversal in the sign of the Hall conductance that does not necessarily follow the sign of C.
To highlight this effect, the excitation density ρ kd −ρ ku that enters in the Hall conductance is plotted in Fig. 2 for two different cases. The upper panel of Fig. 2 is for the case where the initial wavefunction has the higher overlap with the lower (or negative energy) Floquet band so that the Hall conductance is the same sign as the ideal case, while the lower panel is for a case when the initial wavefunction has a larger overlap with the upper (positive energy) Floquet band so that the Hall conductance has the opposite sign to the ideal case. Also a very general feature of the excitation density are spikes or enhanced excitations at the Dirac points. We will show in the next section that this feature will persist even for the open system, though the spikes will broaden as the temperature of the reservoir is increased.
Another feature one finds is that the Hall conductance after a quench shows jumps that sometimes follow the topological transitions governed by jumps in C, but not always. For example, in the upper and lower panel of Fig. 1 , one finds a topological transition at A 0 a ∼ 2.5 where the Chern number changes from 1 → −2 → 1 very rapidly. The Hall conductance after the quench on the other hand is sensitive to the first transition from 1 → −2, but not to the second from −2 → 1. A similar effect is seen in the lower panel in Fig. 1 where σ quench xy does not follow the topological transition at A 0 a ∼ 1.
The quench results presented here are most relevant to the experimental set-up in Ref. 41 where a Floquet topological system was realized in a closed cold-atomic gas, and where transport measurements were performed by tilting the system and observing the magnitude of the transverse drift in time of flight measurements.
IV. HALL CONDUCTANCE FOR THE OPEN SYSTEM
We now present results for the Hall conductance when the system is coupled to an ideal reservoir of phonons that are always in thermal equilibrium at a temperature T . Inelastic scattering between electrons and phonons will cause the electron distribution function to relax, affecting topological properties such as the Hall conductance. We employ a rate or kinetic equation approach within the Floquet formalism 50 to study how the electron distribution evolves from an initial state generated by a quench switch-on protocol, and present analytic results for the resulting steady-state. A similar treatment was carried out for 2D Dirac fermions irradiated by a circularly polarized laser and coupled to phonons, 22 we generalize the approach of Ref. 22 to graphene.
For completeness we first briefly outline the derivation of the kinetic equation. Let W (t) be the density matrix obeying
It is convenient to be in the interaction representation, W I (t) = e iH ph t U † el (t, 0)W (t)U el (t, 0)e −iH ph t , where U el (t, t ) = k U k (t, t ) is the time-evolution operator for the electrons under a periodic drive (see Eq. (13) 
where H c,I is in the interaction representation. We assume that at the initial time t 0 , the electrons and phonons are uncoupled so that
, and that initially the electrons are in the post-quench state |Ψ(t) described in Section III, while the phonons are in thermal equilibrium at temperature T . This is justified because phonon dynamics is much slower than electron dynamics. Thus the quench state of Section III can be achieved within femto-second timescales, 42 while, the phonons do not affect the system until pico-second time-scales.
Thus,
Defining the electron reduced density matrix as the one obtained from tracing over the phonons, W el = Tr ph W , and noting that H c being linear in the phonon operators, the trace vanishes, we need to solve, (42) We assume that the phonons are an ideal reservoir and stay in equilibrium. In that case W I (t) = W el I (t) ⊗ e −H ph /T /Tr e −H ph /T (we set k B = 1). The most general form of the reduced density matrix for the electrons is
where in the absence of phonons,
and are time-independent in the interaction representation. The last remaining assumption is to identify the slow and fast variables, which allows one to make the Markov approximation. 50 We assume that ρ k,αβ are slowly varying as compared to the characteristic time scales of the reservoir. In addition we only study the diagonal components of ρ k,αα , which after the Markov approximation, obey the rate equatioṅ
L k αα,ββ are the in-scattering and out-scattering rates which due to conservation of particle number obey α=u,d L k αα,ββ = 0. While the physical initial condition corresponds to a quench switch on protocol for the laser where ρ k,αα (t = 0) = ρ quench k,α=u,d , the steady-state solution is independent of this initial state and corresponds to ρ k,αα (t = ∞) = ρ kα , where
Expanding Φ kα (t)|c † kσ c kσ |Φ kβ (t) in a Fourier series such that Φ kα (t)|c † k↑ c k↓ |Φ kβ (t) = n e inΩt C n 1k,αβ , and C n 2k,αβ = C −n 1k,βα * , we find the following in-scattering and out-scattering rates for a uniform phonon density of states D ph ,
Above N (x) = 1/(e x/T − 1) is the Bose function. In presenting our results we also consider an isotropic electronphonon coupling λ x = λ y so that the steady-state electron distribution function becomes independent of the electron-phonon coupling.
Eqs. (46) and (47) imply that the population of the two quasi-bands ρ kd,u are determined by a sum over phonon induced inelastic scattering between many quasienergy levels (denoted by the sum over n). These complicated scattering processes imply a nonequilibrium (nonGibbsian) steady-state for the electrons even when the phonons are in thermal equilibrium, unless the frequency of the laser is so high that only a single term in the sum over n survives 22, 23 . In such a high-frequency limit, as we shall show, the Hall conductance approaches a thermal result, and in particular will approach Ce 2 /h as the reservoir temperature is lowered. For lower laser frequencies on the other hand, significant deviations from Ce 2 /h will be found even when the phonons are at a very low temperature. Fig. 3 shows the steady-state Hall conductance for three different reservoir temperatures (T = 0.01t h , 0.1t h , 1t h ), and for the same laser parameters as the ones for which the quench results were discussed. These results are plotted with those for the "ideal" case. Fig. 3 (a) is for a fairly high frequency (Ω = 10t h ) and shows that the steady-state Hall conductance approaches the ideal limit of Ce 2 /h as the temperature of the reservoir is lowered, with the topological transitions characterized by a thermal broadening. The excitation density for the same laser frequency is shown in Fig. 3 , and are characterized by sharp spikes at the Dirac points at low temperatures which then show thermal broadening as the temperature of the reservoir is raised. We have also explored the quasi-energy spectrum on a finite geometry, and find that at these high frequencies, all the edge-states reside at the center of the Floquet Brillouin zone, and so the Chern number C is a good topological index.
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Surprises occur when the frequency of the laser is lowered to Ω = 5t h (see Fig 3 (b) ). For this case while for A 0 a 1, the results are similar to the high frequency case discussed above, for A 0 a 1, the Hall conductance even with low temperature phonons saturates at a value different from Ce 2 /h. Interestingly enough at these parameters, the edge-state structure also changes qualitatively, with the appearance of edge-states not only at the center ( = 0) but also at the edges ( = ±Ω/2) of the Floquet Brillouin zone. 32 Thus here we are encountering a situation where C is no longer a good topological index.
30 Fig. 4 shows how the Hall conductance depends upon the frequency of the laser for the closed as well as for the open system, where for the latter the reservoir temperature is fairly low (T = 0.01t h ). As the laser frequency is increased, the Hall conductance for the open system approaches the ideal quantum limit, and the results become more and more like an equilibrium system where the Floquet bands are occupied by the Gibbs distribution. 22, 23 The closed system of course corresponds to a nonequilibrium situation as there is no mechanism for thermalization, with the steady-state depending on the overlap between the initial state and the Floquet state, resulting in a Hall conductance that can have the opposite sign to that of the open system.
V. CONCLUSIONS
We have studied the dc Hall conductance derived from the Kubo formula for graphene irradiated by a circularly polarized laser. Results are presented for two situations, one is for a closed system for a quench switch-on protocol for the laser, while the second is for an open system coupled to an ideal phonon reservoir. For the closed system, the electron distribution function retains memory of the initial conditions which can lead to Hall conductances ( Fig. 1) A 0 a = 5.0.
eters are varied, and can be of the opposite sign to the ideal result. The latter occurs when the initial state has a larger overlap (Fig. 2) with the "upper" Floquet band which has a Berry curvature of the opposite sign to that of the "lower" Floquet band. The results for the closed system are most relevant for experiments in cold-atomic gases such as the one of Ref. 41 . For the open system, as long as the laser frequencies are larger than the electron bandwidth (Ω 3t h ), the main effect of the reservoir is to cause an effective cooling that allows the Hall conductance to eventually approach Ce 2 /h as the reservoir temperature is lowered (Fig. 3 , upper panel and Fig. 5) , with the Hall conductance following the topological transitions with a characteristically thermal broadening.
For the open system, surprises occur for laser frequencies lower or comparable to the band-width, and laser amplitudes that are not too large (Fig. 3 lower panel) . In this case, strong deviations of the Hall conductance from Ce 2 /h occur. Interestingly enough these deviations are also accompanied by the appearance of edge-states in the Brillouin zone edges so that C is no longer a good topological index. The electron distribution function for low laser frequencies is highly out of equilibrium even when the reservoir is ideal, with the resultant steadystate determined from solving a rate equation that accounts for laser induced photoexcitation of carriers and phonon induced inelastic scattering between many different quasi-energy levels.
These results also suggest that due to the inherent nonequilibrium nature of the problem, especially for low laser frequencies, the Hall conductance will depend upon the dominant inelastic scattering mechanism, and hence the Hall conductance in the presence of phonons may differ from Hall conductance in the presence of leads, where for the latter the relaxation mechanism is determined by the location of the Fermi-levels of the leads.
19,21,32
For the experimental feasibility of observing a large Hall response of Ce 2 /h, one therefore needs laser frequencies larger than the electron band-width as this suppresses photoexcited carriers, and eliminates edge-states at the Brillouin zone boundaries making C the relevant topological index. However, one needs to keep in mind that the maximum voltage drop across a lattice site due to the applied laser (∼ A 0 aΩ) cannot be too large in order to avoid dielectric breakdown across orbital subbands, at the same time the laser amplitude A 0 a should be large enough so that the dynamical gap ∆ at the Dirac points is larger than the temperature of the reservoir.
